ROOT SYSTEM OF A PERTURBATION OF A 
SELFADJOINT OPERATOR WITH DISCRETE SPECTRUM 
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Abstract. We analyze the perturbations T+B of a selfadjoint operator 
T in a Hilbert space H with discrete spectrum {tk} , T(j>k = tk4>k, 
as an extension of our constructions in [T] where T was a harmonic 
oscillator operator. In particular, if tk+i — tk > cfc a_1 , a > 1/2 and 
||B0fe|| = o(k a ~ 1 ) then the system of root vectors of T + B, eventually 
eigenvectors of geometric multiplicity 1, is an unconditional basis in H. 



1. Statement of main results 

Let if be a separable Hilbert space. Consider an operator T with domain 
domT whose spectrum consists of a countable set of eigenvalues r = {ifclfcli 
with corresponding eigenvectors 

T<j)k = t k 4> k , 

which form an orthonormal basis in H. Let us also assume that t k+ i — i& > 
and that for some fixed p G Z + , d > 

(1.1) t k+p -t k >d V/cGZ+. 

Define Atk = tk+i—tk- Then (jl.ip says Aifc+Atfc+i+- • -+Atk+ p -i > d Vfc. 
Hence, for any fc G Z+, there exists ^(k) G {0, 1, . . . ,p — 1} such that 

(1) A£ fc+7(A .) > d/p and 

(2) At fc+i < d/p Vj < 

Let ji = 1 and = jfc-i + 7(jjfe-i) for A; > 1 and define = i^. Define 
the intervals 

Fi = [Ti-— ,T 2 + — 1, F fc = [T fc + — ,T fc+1 + — 1, fc>l. 
1 2p' 2p J ' h 1 " 2p' + 2p 

It follows that 

r C U£° =1 F fc and #(r n F fc ) < p V*;. 

Set 

(1.2) n fc = {a + i6:aGF fc ,|6| < ^-}, r fc = 3n fc 

zp 

and for z ^ SpT, 

(1.3) R\z) = {z-Ty\ 
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With 



we have a resolution of the identity YlT=i ^k- 

Consider the perturbed operator L = T + B with B closed and domi? D 
domT. Set 8 = {(3 k = \\B(j> k \\ 2 }. In Proposition □ we will use the condition 



d\ 2 { i 



(1.4) hmsup/3, < vw V8p(1 + 7r2/3) 

This condition implies the existence of integers M, JV such that 

d\ 2 ( 1 



(1.5) B k < — — ott V/c > M, 



l 

d 2 



(1-6) ll^ll-o < MP E Vi 

^ \ j=iV+l 

Define /i to be a positive constant which satisfies 



J7>/< 2 • 



1 1 

< 



2p 

and set 

n = {a + ib : -h < a < T M+N+1 + |6| < h}, T = dU Q , 
R{z) = {z-L)- 1 Vz^SpL. 

Proposition 1. Suppose the conditions U.l\) and \l-4\ ) /io/d and i/iat M,N 
satisfy (lJh-Ujfy; K = M + N. Then, with the notation fO)) - £OJJ, 5»L 
is discrete and contained in Ho U U^L^ +i rij. 

This proposition implies that the following operators are well-defined 

S K = — [ R(z)dz, 
2vrz J d r 

P k = / R{z)dz for k > K + 1. 

2?" ./ar* 

Proposition 2. Under the conditions of Proposition QJ 

if 

(1.7) dim5jc = ^ ^ mP i ^ P-^ 

j'=i 

(1.8) dimPj = dimPj < p for all j > K + 1 and 

(1.9) \\R{z)f<{^j v^nouu^n,. 
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Theorem 3. Suppose the condition ( li. 1}) holds and \\B<j) k \\ — as k — > oo. 
Then there is a bounded operator W such that WP k W~ l = P®, dimP® < p 

for all k > K and WS K W~ X = Y%=1 P k- Hence > {S K , Pk+i, Pk+2, ■ ■ •} is 
a Riesz system of projections. 

Basically this statement is proven in [9, Thm. 2] where the condition (jl,4p 
is weaker (see (1.2) there) but the dimension of the projectors {Pk} m the 
Riesz system are bounded by 2p, not by p. Our alternative approach -as in 
PQ- is based on the boundedness of the discrete Hilbert transform and its 
adjustments. 

We will also consider the case in which the sequence of eigenvalues satisfies 
the growth condition 

(1.10) tfc+i -t k > nk a ~ l \/k G N 

where a G (0, oo)\{l}. 
Define 

(1.11) v = 2^\ 
and put 

y = [o,w)nN, v k = [v k ,v k+1 )nn vfceN. 

Consider a closed operator B with domB D domT and 

(1.12) \\B(t) k \\ = c k k a ~ l with limc fc = 0. 

(See the remark in Section ETJ . Set L = T + B and Coo = sup \c k \ ■ 
For each k G N define 

(1.13) 

U k = {a + ib :t k - {n/2){k - l) a_1 < a < t k + (k/2)^" 1 , \b\ < {K/2)k a ~ 1 } 
and A k = dll k so that 

(1.14) |A fc | < Ank^ 1 and 

{t k } c u^n,- 

Now select ./V large enough so that 



(1.15) v Na >^ lj^ I \ and 



(1.16) cf < (1/4) (l + ^ + VjG^, j>iV/2 
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Finally set 

£ = sup{Uj< N Vj} , 

(1.17) Y=(^cl vJ2(^/2f) and 

(1.18) n = {a + ib : -Y < a < t t + (k/2)^" 1 , \b\ < Y} 
and define 




(1.19) 






R\z) = 


(*- 


T)- 


(1.20) 






Q? = 


1 

2vri 


/ 

Ja, 


(1.21) 






17/ = 


1 

2vri 


/ 

Ja 



— [ R°(z)dz Vj G N, Q j = — [ R(z)dz Vj > £ and 



Proposition 4. Suppose the conditions \1.10\) and hold with a G 

(0,oo)\{l}. Then SpL is discrete and eventually simple. Furthermore, with 
the notation fil.l7\ )- [l.20\) . we have: 

s P L c n u (u~ e+1 Uj) , 

t 

dimUi = ^2 dimQp and dimQj = dimQ® = 1 Vj' > I. 
i=i 

Proposition 5. Fix n G N with n > I. Then for each z£A„ we have: 

\n x - a if l/2<a<l, 



(1.22) \\R(z)\\ < 



k(u — 1) a if 1 < a < oo. 



Theorem 6. Let a G (l/2,oo)\{l} and suppose the condition $1.10\) and 
111. 12\) hold. Then there is a bounded operator W such that WU(W~ l = 
ELl Qk and WQkW- 1 = Ql for all k > t. Hence, {U e ,Q e+1 ,Q e+2 , . . .} is 
a Riesz system of projections. 

Let us notice that Propositions [H [5] and Theorem [6] can be reformulated 
in an proper way for a = 1. This would necessitate additional notation. We 
refer the reader to our previous paper pQ where the case a = 1 is formulated 
and proven in detail. 

2. Technical preliminaries 

Define B{i 2 {H)) to be the space of all bounded linear operators on £ 2 (N). 
Given a strictly increasing sequence of real numbers a = (a^) define the 
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generalized discrete Hilbert transform (GDHT) by 
(2.1) (G fl O(n) = Y, — • f = 

Of course care must be taken to ensure that the right hand side of (|2.1|) 
is defined. If = k \/k we have the standard discrete Hilbert transform 
(DHT) G G £(£ 2 (N)) (see HLP). 

Lemma 7. Suppose a k +i — a k > and G N VA; G N. TTien G a G 
B(£ 2 (N)). 

Proof. Suppose £ G I 2 := £ 2 (N). Define the operator I a by I a (e ak ) = e ak VA; 
and I a (ej) = Vj ^ a and define a vector £ by £ Qfc = VA; and £j = 
Vj £ a. Then ||£|| = ||f|| and G a t = I a GI a l Because I a and G are 
bounded, G a is bounded as well. □ 



I -Aft J | < -j-jr Tj2; ^4fc,fc = 0. 



Lemma 8. Suppose A is an operator whose matrix entries satisfy 

C_ 
\ k ~ j\ 

Then A G B(£ 2 (N)) with \\A\\ < Cvr 2 /3. 

Proof. The proof is elementary (see for example Lemma 4 in [lj). □ 
Lemma 9. Suppose 

(2.2) Ofc+i ~~ a k > $ Vfc. 

T/ien G a G £(^ 2 (N)) witt ||G || < 7 + 2||G| 

Proo/. Write R = U fceZ / fc , I k = [{k - 1/2)5/2, (k + 1/2)5/2). Then by 
(|2.2p . #(Jjfc n a) = Oor 1. Enumerate {j (|) : #(/-,• n a) = 1} in increasing 
order and call the sequence 5. It follows from Lemma [7] that the GDHT 
G d G 5(£ 2 (N)) with ||G a || < (2/<5)||G||. Thus, with A := G a - G a it suffices 
to show \\A\\ < 

Consider the matrix entries A k k = VA;, and for j k, 



\A 



1 1 



(dj - a,) - (a~ fc - a fe ) 



(a,- - a fc )(aj - a fc ) 



a? — afc aj — afe 

By (|2.2|) we have \ctj — a k \ > |j — k\5, \dj — d k \ > |j — A;|(J/2), and \dj — 
a,j\, \dk — ctft| < 5/2. Hence, 

V2 + 5/2 _ 1 

1^1- (|j-fci(V2))(ij-fci*) 1 1 } \j-kr 

So by LemmaEl \\A\\ < □ 
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Lemma 10. Suppose a k is a strictly increasing sequence with a k t 00 and 
(zk) is a complex sequence satisfying 



(2.3) 



\Imz k \ < 5, 

Rezk € (flfe-i + 5, a k +i — 5) and 
\Rez k — Ofcl < A V/c. 



Then the operator Z a defined by 



(Z.0(n) = 



is bounded in £ 2 with 
(2.4) 



WI<^l|G|| + fg. 



Proof. By (|2.3p . afc + i — > 25 \/k. Hence, by Lemma[9l \\G a \\ < ^||G||. 
Now, set A = G a — Z a . It suffices to show ||A|| < Consider the matrix 

elements A k: k = \/k and for j ^ k, 

1 1 



1-4 



an. Zn 



< 



O'k Q"ri 0>k %n 

25 _ 

A| k — n\ A\ k — n\ A 2 \k 



(a k - a n )(a k - z n ) 
25 



It follows from Lemma [8] that 1 1^4 II < 2,v, ~ 



□ 



Define £ 2 (H) with the norm 



11(11 



e 2 (H) 



Lemma 11. Supppose a, z, and Z a are as in Lemma \1(A Consider the 
operator in i 2 {H) 



{Z V a i)(n) = 



a- 



0>k Z n 



Then \\Z a ||^2( H ) = \\Z a \\p v ^ 



< MG\\ + 2& ^ 



3A2 • 
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Proof. Suppose £ = (&) G £ 2 (ff) with £ = ££° =1 £f Vfc G H. 
Then 



i^ir=Eii(^own s 



oo oo 

EE 

n=l fc=l 
oo 



E^ 



(k) 



fc=ln=l 
oo 



fc=i 



fc=i 



l^a|| 2 ||^||^2 (i? ). 



□ 



We now move to a series of lemmas which will be used in the proofs of 
Proposition U] and Theorem [6l The proofs of these lemmas for values of 
< a < 1, and a > 1 follow a similar pattern so we only present proofs for 
values of a < 1. 



Lemma 12. Suppose a > 0, a ^ 1, {tfc}i° satisfies (1.10\) . m G Vm a^d 
ra-1 G Vjv uiiftM < N-2. Thent n -t m > c(l - l/t>)u aiV mffiw G ([77T7]) . 

Proof. We have 



^71 — (^n ^n— l) ~i~ (^n— 1 ^n— 2) "I - • • • "I" (^m+1 ^m) 

> c[(n - iy 



^ 1 + (n-2r 1 + ... + m a i 



Suppose first a G (0,1). By the mean value theorem if a < b we have 
aa c 
Hence, 



c[(n - l)"" 1 + (n - 2)"- 1 + . . . + m a ~ l ] > {c/a)[n a - m a ] 

> (c/a)[v Na - v ^ a ] > (c/a)av N ^[v N - v"' 1 ] 
= c(l-l/v)v aN . 

A similar argument can be used for a > 1. We omit the details. □ 

The following lemma generalizes the boundedness of the discrete Hilbert 
transform. It is a basic tool in our proof of Theorem [6l In fact, our proof 
of Theorem [6] only works for values of a > 1/2 because the following lemma 
does not hold for a < 1/2 (see Remark 1 14[). 



Lemma 13. Suppose a G (1/2, oo) and {tk}^° satisfies U.10\) . Then there 
is a constant C > depending only on a such that for any (b m ) G £ 2 (N) we 
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have 
(2.5) 



E 

n=l 



E 

m^n 



tm t n 



<C\\bf. 



Remark 14. Of course, \2. 5\) does not hold if ^2 l/t n = oo (even for b = e±, 
i.e., b(l) = 1, b(m) = 0, m > 1) so t n = n a , < a < 1/2 or sequences 
with the growth condition U.10\) with a < 1/2 could not be analyzed with 
some analog of Lemma [721 or Lemma \lb\ 

Proof. Let b 6 ^ 2 (N). First suppose 1/2 < a < 1 so that v from (jl.lip can 

■. By Cauchy's inequality 



be written as v = 2 2(1+<5 ) with S > 0. Set 7 
we have 

2 



1+2^ 



(2-6) E 



n=l 



E 



tm t n 



EE 

JV=1 n£V N 



E E 



M=l meV M 



tm t n 



< 



1 - 7-1/5 

2 

I-7-V2 



172 ) E E 



JV— M| 



N=l neVjv M=l 

(5i + 5 2 ) 



E 



M 



tm tn 



where 



^ = EE E ^ N - m 

N=ln&V N M=l 

\M-N\>1 

00 00 

* 2 = EE E ^ m 

N=l nEV N M=X 

|M-JV|<1 



E 



m a b 



tm tn 



E 



m a 6- 



By Lemma [121 and another application of Cauchy's inequality 



(2.7) S 1 < 



E E E ^ E 



2(0-1) 



< 



AT=lneVjv M=l 

|Af-iV|>l 

00 00 

E E b l E 

AT=1 
|AT-M|>1 



(tm tn)' 



E « 

J7l£Vjf 



7 |Jy - M| (#V^)-(#^v)2- 2M 
(u/2) 2max ( M > Ar ) 



< E E fe « E 7 |7V_M| u M+Ar+2 2~ 2M (2/u) 2max(M ' Ar) . 



M=l meVjv/ JV=1 

|JV-M|>1 
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We will show that the following is uniformly bounded in M 

oo 

y ^\N-M\ V -\M-N\ 22max(M,AT)-2M 
N=l 

We have 

oo 

y^^]JV-M| y -|M-iV| 22max(M,AT)- 



-2M 



N=l 



y ^,|iV-Af| 2-2(l+<5)|Af-JV|-2Af 2 2 max(M,A0 



JV=1 
oo 



< y^ ^,|iV-Af| 2-2max(Af,Af)-2<5|A/-AT| 22max(Af,iV) 



AT=1 
oo 



\M-N\ 



N=l 



i 7. ' 



Combining this bound with (|2.7|) . we conclude 



(2i 



Now 



^<EE E ^ 

JV=lTW=Vjv |M-JV|<1 



5i < 



|M-iV| 



1 T 
J- - 



E 



??? 



2(«-l) 



E 



i me Vs. 



^E E (#^M)-(#^)7 |M -^2- 2M (V2)- 2max ( M ^ 



JV=1 |Af-JV|<l 



v mev«. 



< y y ^M+AT+2 ^|A/-Af| u -2max(A/,Af) 2-2Af+2max(M,AT) j y |^ 



AT=1 \M-N\<1 



.4 II l||2 



^ 4 E E E Ifeml 2 <3.16-All 

JV=1 |Af-JV|<l \meV M J 

Combining these bounds with ()2.6[) and (|2.8p we have 
2 ... 



E 

71=1 



E 



ttfrt, t r 



< 



1 - 7-1/2 



1 T 
J- - 



+ 3 • 16v 4 7 



So (|2.5p is proved for 1/2 < q < 1. 

The proof for a > 1 is similar. We omit the details. 



□ 



The following lemma can be proven in the same manner as Lemma [T3j 
We omit the details. 
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Lemma 15. Suppose a G (l/2,oo)\{l} and satisfies I11.10\) . Let 

{z k } be a sequence such that \zf, — i&| < (c/2)k a ~ 1 \/k G N. Then there is a 
constant C > depending only on a such that for any (b m ) G ^ 2 (N) we have 

2 

. — i , 

m 



E 

n=l 



E 



Vr. 



<C\\bf. 



The following vector- valued version of Lemma [15] can be proven in the 
same manner as Lemma [TTJ We omit the details. 

Lemma 16. Suppose a G (l/2,oo)\{l} and satisfies I11.10\) . Let 

{zk} be a sequence such that \zk — tfc| < (c/2)k a ~ 1 Vfc G N. T/ien £/iere is 
a constant C > depending only on a such that for any (b m ) G £ 2 (H) we 
have 

2 



E 

71=1 



E 



a—li 



t, 



<C\\b\\ l 



3. Proof of Proposition □ and Proposition [2] 

Proof. Let z i Ug°n fc . To show * g SpL it suffices to show < 1/2 

since then R(z) = R°(z)(L — BR°(z))~ 1 is well defined. To this end let 
/ G H with Il/H 2 = 1, / = ' 
We have 

,|2 



|Bi^)/|| 2 HI^°(*)E/^l 



E 



< 



E 



E 



Z-tk 



\z - tk\ 2 / — l \z- t k \ 2 ' 
Consider first the case Rez G F m , for some m > M + N + 1. We have 



(3-D E 



E 



(Rez -t k ) 2 + lm.z 2 



< 



V 7 Vie-Fm 



A? 



E + E 

,J=1 J=JV+1. 




Because m > M + N + 1, m±N > M whenever J < N. So, by (|L5j) we 

have 

(3.2) 

2 



Eft+Ej, E ^(^E^V^ 

6F,„ J=l ieF m+J \ J=l / \ -r 



Jfc^m J=l ]fm±J 

and by (|1.6p we have 

( 3 - 3 ) E 72 E ft^A E 72 

J=jV+l jGF m±J \j=JV+l 



/3)y \2~p 



J 2 J \l&p 



d 2 



' ^ 1 

p E 72 



J=iV+l 
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Combining (|3.ip with (j3.2ti3.3H we conclude that 

\\BR°(z)f\\ 2 < 1/4 

whenever Rez £ F m for some m > M + AT + 1 . 

Now consider the case Kez < Tm+n+i + 5^, i-e. Rez ^ F m Vm > 
M + iV + 1. Then z £ UfflLj implies \z - t k \ 2 > h 2 + Re(|z| - t k ) 2 . 
Thus 

U- f, 12 - Z> 



/c=l 



fc=l 

oo 



EE 



fa 



h 2 + (iRezI -t k f 



< r, Pll^lloo < ^ll^lloo . , 

- Z Z^ ^2 + (g)2 - 8n||fl||„ 1 

?0/,lD||2 



So we have shown that ||.R (.z)£|| 2 < 1/4 for all z £ n U U^ K+1 Il fc . 
Thus, SpL C n UU^ =x+i n fc . Also, \\R(z)\\ = \\R°(z)(I - BR^z))' 1 ]] < 
\\R°(z)\\(l/2) < d/p for all z $ U U U^ =K+1 U k . 
A standard argument (see [5]) shows that 



— / (z-T-tBy 1 dz, 0<t<l, 



Trace 

2vri 

is a continuous integer- valued scalar function so it is constant and (jl.7l - [l~8|) 
hold. □ 

4. Proof of Theorem [3] 

We first reproduce Lemma 4.17(a) from [4]. See also [3]. 

Lemma 17. Let {Q®}j£z + be a complete family of orthogonal projections 
in a Hilbert space X and let {Q k }jez+ be a family of (not necessarily or- 
thogonal) projections such that QjQ k = 5j tk Qj. Assume that 

dim(Q ) = dim(Qo) = m < oo 

oo 

^2\\Q°j(Qj - Q°j)u\\ 2 < cq\\u\\ 2 , for every u£X 

where Cq is a constant smaller than 1. Then there is a bounded operator 
W : X — > X with bounded inverse such that Qj = W~ 1 Q®W for j € Z+. 

We are now ready to prove Theorem [3l 

Proof. By Lemma [T7] it suffices to show 3JV t G N such that for all / £ H 
with ll/H = 1, 

£ ||P n °(P n -P n °)/l| 2 <l/2. 

n>N, 
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Fix n > K (with K from Proposition [T]) and f = Yl fk^k E H with 
Then 

P n-Pn = ^- [ (R(Z) ~ R°(z))dz = ^-f R(z)BR°(z)dz. 

So by Proposition [21 inequality (|1.9|) . 



1. 



(4.1) ||(P„-P°)/H 2 



2vr' 
1 

< — 



C 



R(z)BR°(z)fdz\ 



Vn 



\\R(z)BR°(z)f\\ 



< C 



\BR°(z)f\\ 



k=l 



z-t k 



where C = ^(d/p) 2 . 

For n > K define z* 6 T n to be a point where the maximum of the sum 



£ 

fc=i 



h 



z-t k 



is attained. Note that (z*) depends on /. Since |r&| < 3C V/c > 1, we 
have by (|4TTj) 



(4.2) 



(Pn-P„°)/|| 2 <C7|r„| 2 ||^ 



2 - t fc 

<C(3d) 2 ||V M^||2. 
^ z-tk 



k=l 

oo 



k=l 



Suppose, for now, that p = 1 so that #(r n F k ) < 1 V/c > 1. We will show 
that given any e > if we choose N± as in (|4.5p below, then 



(4.3) 



E iiE^ii 2 - vimi-i. 



n>N 



1 fc=l Z ™ * fc 



Note that z* G T n depends on /. 

Recall that G is the cannonical discrete Hilbert transform and set 



\ p Sap J 



Select Mi large enough so that 

(4.4) \\B(t> k \\ 2 < e/Ci VA; > Mi 

and JVi large enough so that whenever w E T n Vn > if 

oo 

e 



(4.5) 



E k _ *mJ 2 < 

n=Nx 



ooMl 



Vm < Mi. 
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Then 



fc=i 



< 2 



E 



fkB(fik ,|2 



+ ii E 

fc>Mi 



fkB<j>k „ 2 



By Cauchy's inequality we have 



E 



k<M 1 

So by ([45]) 



< E i/«i 2 ii^ii 2 E K-**i" 



. fe<Mj 



2 e ii E ^ii 2 <ii^iiocM e i<-t*rxr 2 < e /2. 



n>Nr k<Kh ^ tk 



n>Ni 



(4.7) 



It follows from Lemma [TT] and (|4.4p that 

fkB<j)k ii 2 



2 E»E 

n>JVi fe>M a 



z n t Jfe 

< sup \\B</> k \\ 2 Ci < e/2. 

fe>Mi 



Hence, combining (|4.6j) and (]4.7[) we have proven (|4.3p . 

Now suppose p > 1. Reindex the sequences and 0^ in such a way 

that for all k > 1 



r n F k = {tjp < 4 2) < • • • < 4 Jfc) }> J k < P- 



Then for K > K, 



cE»E 

n>K fc=1 



hB<h_ 



00 J fc f 0') T3jJJ) 

c E ii EE ' 2 



0) 



s^EEiiE^rii 2 - 

Note that if Jk < p some terms in the series are taken to be 0. For each 
j < p the sequence tj < tg < • • • satisfies (jl.ip with p = 1. So by taking 
e = 1/(2 • 2 P C) and applying (|4.3p for each j < p the Theorem is proven by 
d. □ 



5. Proof of Proposition [J] and Proposition [5] 

Suppose that z f£ n UU^ +1 II,-. We will show that \\R°(z)B\\ 2 < 1/2. It 
follows that 



(5.1) 



R{z) = (I — R'(z)B)~ R'(z 



11 



is well defined. Let / G H with 
Then 
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= 1, / = Yjfk4>k- 



\\R°(z)Bf\\ 2 = \\Y / f j BR ^ 



IE* 



3 ||2 



z - U 



< 



Ei/ii 



n 2 



Iz - to 



< 



c 2 7 "2(a-l) 

E 



2 - tjP ' 



Suppose first that Re 2 > + (cg/2)£ a 1 so that Re z G [v^, w Ar+1 ) for some 
iV > iV. Then 



oo 2-2(a-l) 

, k-*;l 2 



^ + S 2 



with 

5*i 

We have 



N-l-N/2 _2,-2(a-l) 

EV- C 3 J 

J=i jev> 1 Jl 



oo c 2-2(a-l) 

E E" 



J=N-N/2 3&Vj 



N-l-N/2 



2(a-l) 



E Efo 

J=l j6Vj 1 J 
If < a < 1, then for each J < N - 1 - iV/2, 
-2(a-l) 2~ 2J 



2 ' 



v 2(JV-l)a 
-27/ /n\2, 



= #Fj2- 2J (v/2) 2 (v/2)-™ < v J+1 2- 2J (v/2) 2 (2/v) 2 * 
= (2/v) 2 ^-^- 2 v- J v < v{2/v) N v- J . 
It follows from ()1.15j) that 

N-l-N/2 

S l <cl v{2/v) N J2 V ~ J ^ c -( 2 /< (i^j) < 1/4 
If a > 1, then for each J < N — 1 — iV/2 we have 



E 

3&Vj 



J 



2(a-l) 



<#v>- 



2 2J 



< W 



J+l 



2 2J 



; 2(iV-l)a - ( 2v )2(N-l) 
_ v J-2Af+3 2 2J-2A>+2 < ^ 2 ^2J-27V+2 

< v(2v) 2(J -^ +2 v- J < v(2v)- N v- J . 
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So it follows from (j!.15[) that 



N-l-N/2 

S 1 <cl a v{2vy N £ v- J <cU2vr N (^-^)<l/4. 



Now 



E E 

/ 



J=l 



c 2j2(o-l) 



,2 - t -I 2 
J=N-N/2j£V.J J 



< sup 

J>N-N/2 



\ 



E + E 



E 



J=N-N/2 J=N-l,N,N+l . 
\J^N-1,N,N+1 I 

Let Rez G i fc+1 ], fc G V^_ 1 U V# U V# +1 . Then 

k-tfcl 2 > {v/2) 2 ^ a ~^ > («/2) 2 2 2( ^- 1) 
and for j ^ fc, j G V^_ x U^U^ 



j2(«-i) 
|z-t,-| 2 



Thus, 



V N-\ U ^JV U ^/V+l We have 



E E 



j2(o-l) 



- b - i -I 2 
j=7v-i,iv,JV+iieKr J 



< 



2 2(JV+1) 



( K /2) 2 2 2 (^- 1 ) 



+ 



E E 



2 2(JV+1) 



- - - (W2) 2 |j- fc| 2 2 2 (^- 1 ) 



16 , 



Er 2 ) =^(1 + 2^/3) 



+*E 



Furthermore, for < a < 1 

„-2(a-l) 



E E 



< 



(#^)2- 2J 



— — \z-tA 2 ~ ? (w/2) 2 ^- 1 ) 

J=N-N/23&Vj J / \- \-.o 



J=N-N/2 



00 J+l 00 

£4 E ^<"»E»- J £" 



J=N-M 



J=l 



1 - 1/u 



By a similar argument, if a > 1 we also have 



1AJ 

E E 



J 



•2(«-l) 



<_ U _ f .12 

J=N-N/23£-Vj 3 



< 4 



,i-i/W 
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Hence, by (fTTBD 

S 2 < sup ((W/ K i)(l + 2n 2 /3) + —^—) <l/4. 

J>N-N/2 

Now suppose that Rez < tf + (n/2)£ a ~ 1 so that dist(z,r) 2 > Y 2 . Suppose 
< a < 1. Then 

oo „2.-2(a-l) JV /» T/ x _2J oo ( n v \ -2J 



2 N oo 



j=i • ?eV ' J J=iV+l 

by (|1.16p and (jl,17p . We have shown 

(5.2) - R°(z)B)- 1 \\ < 2 

so that by (|5.ip is well-defined. 

By a similar argument for a > 1 we also have 

oo 2 -2(a-l) 

We omit the details. 

Now, definition (jl. 13|) implies that for z G A n , 



(5.3) 11^(2)11 < 



(K/2)n 1 " a if l/2<a<l, 
(/e/2)(n - l) 1_a if K a < oo. 



Hence, inequality (ll.22p follows from (15. ID and (15. 2p together with (I1.14p 
and (lOD . 

6. Proof of Theorem [6] 

Proof. For the case of a = 1, this theorem is proven in the paper pQ. Hence- 
forth, we assume a / 1. By Lemma [T7] it suffices to show there exists an 
integer iV* such that 

(6-1) £ \\Q° n (Q n -Q° n )f\\ 2 <l/2. 

n>N, 

Fix n > N and / = £ G il with ||/|| = 1. Then 

Qn-Qn = [ (R(z)-R\z))dz 

= — f R(z)BR°(z)dz. 
2m JA n 
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Hence, 



\\(Qn ~ Q° n )\\ 2 = ^\\ [ R{z)BR G 



[z)fdz\ 



< 



2tt 
1 

2^ 



\\R(z)BR°(z)f\\dz 



sr^ fkR{z)B(j) k 
2^ I W dz 



An k=l 

Now define z* n G A n to be a point at which the following sum attains its 
maximum, 

oo 



—II zeA n . 



k=l 



z-t k 



Combining (flTHj) with (fL22"]) yields 

|A n | 2 ||#(z)|| 2 < 16k 2 . 

So, 



.2 



\\(Qn-QPnW < 



16k 



fc=i 



fkB^ 

z n ~ ^k 



Recall the constant C from Lemma [TBI Condition (j!.12[) implies that there 
exists an absolute constant iV* such that 

(6.2) \\B<f> k \\ < 



2,2k 2 C 



a-l 



V A; > JV* . 



Thus 



3-3) £ ||Q°(Q„ " Q°J/H 2 < E II (Q« " ^)/lf 

n>7V, n>N* 



~ 27T ^ 



E 



n>Af» L fc=l 

Finally, combining (|6.3|) with Lemma [TU] and (|6.2|) yields (|6.1|) and the proof 
is complete. □ 

7. Further remarks 
7.1. Our statement of Theorem [6] required the condition 



(7.1) 



lim Cfc = 



where {c k } is defined in (|1.12p . With a careful accounting of quantities 
appearing in the proof of Theorem [6] we could have written a constant c* 
such that the condition (|7.1|) could be replaced by the weaker condition 

(7.2) limsupcfc < c*. 
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However, condition (17. ID or (|7.2[) could not be weakened in a significant 
way: an assumption limsupcfc < oo would not guarantee the statement of 
Theorem [H A counterexample in the case a = 1 is given in pQ, Section 6.3. 

Now we'll adjust the constructions of [T] to get an operator B, with 



(7.3) 



SUp{ 1 1 .Bffo; || (i 2 m - t 2 



m—li 



k = 2m-l, 2m} = 1/2 



such that the perturbation L = T + B has a discrete spectrum, all points 
of Sp(T + B) are simple eigenvalues, the system {ipk} of eigenvectors of L 
is complete, but it is not a basis in H. If t n = n a , < a < oo, then (|7.3p 
guarantees that Cqo < 1/2. 

Special 2-dimensional blocks play an important role in this construction. 
Put 



(7.4) 



s 
-s 



< s < 1, s 2 + h 2 



1, </»«!. 



This choice is a slight adjustment of a 2-dimensional block (64) in [T]. It 
simplifies elementary calculations of the Angle(g + , g~), etc., for example. 
Such a block (|7.4[) could be used to get the same counterexample in Section 
6.3, pQ instead of (64) there. Of course, ||6|| = s in C 2 in the Euclidean 
norm. 
We have 




2 



+ b 



+ c, 



-1 s 
-s 1 



and 



cg^ = ihg^ 1 where 



^ = (1,6^), G 
If a = Angle ( g + , g~) then 
(cos a) 2 



(g + ,g- 



l + h 
1-h' 



l-h 2 = s 2 . 



■ \\9~ 



So sin a = h. 

If / = $o(/) u o + &i(f)ui is the standard basis decomposition in C 2 then 
(7.5) ||$o|| = Pill = l/sina = 1/h. 

Now we define B = {b(m)} where b(m) are 2-dimensional blocks 



1 



(*2m — ^2m-l) 



S 

-s 



s(m), say s(m) 2 + (1/m) 2 = 1, 



on C 2 = E m := Span{0 : 



2m-l) V^m 



}• 
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Then E m are invariant subspaces of T A- B and , (compare to pQ, Lemma 
14), 



(T + B) m = -(*2m + *2m-l) + -^(hm — fam-l) 



-1 s 
-s 1 



and 



(T + B) m ip^ = ( ^(t 2 m + t 2m -i) ± r(*2m - t 2m -i)h ) , h = l/m, 



where 



^ = g ± (m) = 02m-i + G ±1 < 



>2m- 



We omit further details. With the explicit formulas given it is easy to see 
that (|7.5p with h = 1/m guarantees that {V'mli is n °t a basis. 

7.2. As an application of Theorem 5, consider the differential operator T 
on L 2 (R) defined by 

(7.6) Ty = -y" + \xfy, with (5 > 1. 

The spectrum of T consists of an infinite set of eigenvalues 

SpecT = {Ao < Ai < A 2 < . . .} with lim A n = oo. 

n— >oo 

The growth of the sequence of eigenvalues is described by the formula 



(7.7) 



lim 

n— >oo 



(X n -\xf) 1/2 dx- (n + 1/2) 



7T 







0. 



For a proof, see the last section of [10]. It follows from (I7.7P by a change of 
variables that 

■ i 



(7.8) lim 



2X n 2fi n^-(n + l/2)7r 



with 







Subtracting the n th term from the n + 1 st term in (|7.8p we derive 



(7.9) 



lim 

n— >-oo 



2+£ 2+£ 
n 2/3 x 2/3 

A n+1 ~~ A " 



From (I7.9P it is straightforward to show that there exist constants C > 0, 
N G N (depending on /3) such that 

2/3 



(7.10) 



An+i - A n > CW*- 1 Vra > N, a 



/3 + 2' 



Let us mention the papers [7], [E] where the eigenvalues for the eigenproblem 
— Vzz + q(z)y = Ay are analyzed for polynomial q(z). 

Denote the eigenfunction corresponding to A n by 4> n and define 

L{p-a) = {b : b(x)(l + |x| 2 )- a/2 G L P (R)}. 
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We have the following bound on the behavior of </> n 

(7.11) \M*)\< KeX ^ x)) - t with 

|A„-|x|/3|V4 + A n ^ 

'-/ A >(An-|^) 1/2 ^, X>X^ 

Q(x) = I 0, \x\ < 

s*MK-\tn/ 2 dt, x<-x i n /p . 

For the case /3 = 2, this inequality is proven in [2j, a few changes to this 
proof boost it to cover /3 > 1. We omit the details. Such constructions for 
Schrodinger operators with turning points are discussed in [61 Ch 8,11]. 
By an argument like that given for Lemma 8 in pQ it follows from (|7.1ip 

that if b 6 L(p;a) then ||6$> n ||2 < Cn^+ 2 where 

(7.12) £ = max i^ (1 - /3 + 3q + (/3 - l)/p) ; i (a - /3/4 + 1/2 - 1/p)} 

_ f^(l-/3 + 3a+(/3-l)/p), 2<p<4 
" |I( a -/3/4 + l/2-l/p)}, 4<p. 

In the exceptional case p = 4we have 

(7.13) WHnh < Cn7& + W?72) log(n + 2) 

The following Proposition follows from (|7.10p . (|7.12p . (I7.13P and Theorem [6J 
Our statement of Theorem [6] does not include a = 1 (and therefore /3 = 2); 
a proper forumalation and proof of this Theorem for a = 1 can be found in 

EH- 



Proposition 18. Let T G (7.6), 6 G L(p,a), and define the operator B on 
L 2 (R)byBf = b(x)f(x). 
Suppose that 



(7.14) 



P-l< p(-4 + 5/3/2 - 3a) if 2 < p < 4 
2 >p(3- 3/3/2 + 2a) i/ 4 < p. 



T/ien i/ie system of eigen and associated functions for the operator T + B is 
an unconditional basis. 

Acknowledgements: We would like to thank P. Djakov, K. Shin, A. 
Shkalikov for interesting discussions related to this work. 
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